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Abstract 

In the first part of this paper we consider compact algebraic manifolds 
M 2n with an algebraic (n — l)-Torus action. We show that there is a 
T- invariant meromorphic section a of the canonical bundle of M. Any 
such a defines a divisor D. On the complement M' = M — D we have a 
trivialization of the canonical bundle and a T-action. If // 1 (A/',R) = 
then results of || show that there is a Special Lagrangian (SLag) fibration 
on M' . We will study how the fibers compactify in M and give examples 
of SLag fibrations on M' , including some cases there H (A/',R) 7^ 0. 

In the second part of the paper we study Calabi-Yau hypersurfaces in 
M. We will assume that a is an inverse of a holomorphic section r\ of the 
anti-canonical bundle of M. We will see that under certain assumptions 
one can choose a holomorphic volume form on the smooth part D' of the 
divisor D s.t. orbits of the T-action give a SLag fibration on D' with 
respect to the metric, induced from M. Transversal sections rjj near r\ 
define smooth Calabi-Yau hypersurfaces Dj in M. We will show that one 
can deform the SLag fibration on D' to SLag fibrations on large parts of 
Dj. This construction applies for instance for Dj being quintics in CP 4 
or Calabi-Yau hypersurfaces in the Grassmanian G(2,4). 



1 Introduction 

In our previous paper Q we have shown how to use torus actions on non-compact 
Calabi-Yau manifolds to construct SLag submanifolds. In all the ensuing discus- 
sions by SLag submanifolds we mean the following: Let (M 2n , to, <p) be a complex 
manifold with a Kahler form u and a non-vanishing holomorphic (n, 0)-form ip. 
Then a submanifold L n of M is SLag if it satisfies u>\l — , Im<p\L — 0. We 
refer the reader to and Q for a discussion of SLag submanifolds. In the first 
part of this paper we develop one general setup, which generalizes all examples 
m§: 

Consider a compact algebraic manifold M 2n with an algebraic (n — l)-torus 
action (this is an algebraic complexity one space). We will show (see Theorem 
1) that there is a meromorphic section a of the canonical bundle of M, which 
is invariant under the T-action. Any such a defines a divisor D and on the 
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complement M' = M — D a gives a trivialization of the canonical bundle. Let 
E X (M' ', K) = 0. Take any T-invariant Kahler form u on M' . From |2) we deduce 
that M' has a SLag fibration with respect to ui. We will investigate how the 
fibers compactify in M. We treat 2 cases : If w is the induced metric from M , 
then Lemma 1 of Section 2.1 covers "most" fibers; For u> a Ricci-flat metric on 
M' we study one family of examples in Section 2.2. 

We will also give examples of SLag fibrations on M' , including some cases 
there ^(M'.M) ^ 0. 

In the second part of this paper we investigate Calabi-Yau hypersurfaces 
in M. We assume that the anti-canonical bundle of M is ample and has a 
T-invariant holomorphic section r\ (with a corresponding meromorphic section 
a = rj^ 1 of the canonical bundle). We also assume that near the smooth part D' 
of the zero set D r\ is transversal to zero. This gives a natural trivialization ip' of 
the canonical bundle of D' . Consider the induced metric uj from M on D'. We 
assume that the T-action on each connected component -Do of D' has a finite 
stabilizer. For Do one can choose an angle 0q s.t. orbits of the T-action are SLag 
submanifolds of (Do, oj, e* e ° <£>'). Consider transversal sections rjj, which converge 
to r\. Their zero sets Dj are smooth Calabi-Yau hypersurfaces. Near compact, 
T-invariant subsets N of D the manifolds Dj converge to N as rjj i— » r\. We 
will show (see Theorem 3) that one can perturb our SLag fibration on N to 
SLag fibrations on the corresponding subsets of Dj (all fibrations are SLag for 
metrics, induced from M). 

We will see that this construction applies for M — CP 4 and Dj being quin- 
tics; and for M — G(2, 4) (the Grassmanian of 2-planes in C 4 ) and Dj being 
Calabi-Yau hypersurfaces in M. 

We will also show that this can generalized from hypersurfaces to complete 
intersection Calabi-Yau submanifolds of a Kahler manifold M with a higher 
complexity torus action (see Corollary 1 and Section 3.4). 

Acknowledgments : This paper is a part of author's work towards his 
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support; and to Shing-Tung Yau for a helpful discussion. 
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2 Algebraic Complexity one Spaces 

2.1 Fibration on M' and it's compactification 

Let M 2n be a compact algebraic manifold with an effective algebraic T s -action. 
The fact the the action is algebraic is equivalent to saying that there is a very 
ample line bundle L on M, and T acts on it's total space. We can use L to 
construct a meromorphic section of the canonical bundle K of M: 

Theorem 1 For k large enough there is a holomorphic section o\ of K ® L® k 
and (72 of L® k s.t. the section a = o\ ® a^ 1 is a meromorphic, T-invariant 
section of K . 
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Proof: Consider the representation p of T on H°(L,M). We split it into a 
direct sum of irreducible representations, i.e. we find sections a\, . . . , ay of L 
s.t. T acts on span(cti) with a character W.l.o.g we can assume that £1 is a 
trivial character (otherwise we divide the action of T on L by £1). 

We can view £j as living in the character lattice of the dual Lie algebra Q* 
of T. The condition that the T-action is effective on M implies the £j Z-span 
the character lattice of Q*. Indeed suppose £, do not span the character lattice 
of Q* . Then we can find an element e ^ 1 of T s.t. £i(e) = 1, i.e. e acts 
trivially on H°(L,M). But then e acts trivially on M. Indeed suppose m G M 
and e(m) = mf ^ m. Since L is very ample, there is a section [3 of L s.t. 
f3(m) = , (3{m!) 0. But then e doesn't act trivially on f3- a contradiction. 

For I large enough L®' ® K has a holomorphic section. So H°{L® 1 <g> if, M) 
is nontrivial. We can find a section A of L® 1 ®K s.t. = span(X) is T-invariant 
and T acts on V with a character 0. We can write </> = E<2j£i , Oj € Z. We 
will consider only a* ^ and we divide them into subsets and of positive 

and negative values. We will have a section <j[ = A <g> af Qi of T® fel ® K and 

a section cr^ = (g)Q;? a< of L® k2 . The T-actions leave = span(cr^) invariant 
and T acts on Vi and V2 with the same character. Also T preserves a%. So 
tensoring a[ and a' 2 with powers of ai we deduce that for k large enough we 
can find sections o\ of L® k ® if and 02 of I/ 8,c s.t. T acts on Uj with the same 
character. Q.E.D. 

From now on we assume that s = n—l, i.e. M is an algebraic complexity one 
space. We refer the reader to [0 and |l4| for discussion of complexity one spaces. 
Let a be any T-invariant meromorphic section of the canonical bundle of M. It 
defines a divisor D. Let M' = M — D. Take u> to be any T-invariant Kahler 
form on M' s.t. the T-action is Hamiltonian. We assume that H 1 (M',M.) = 0. 
From we get the following result (a similar result was also obtained in 

Theorem 2 f|/J M' has a calibrated fibration a over an open subset of R™ . 
Moreover for a generic point p (outside of a countable union of (n — 2) -planes 
in M, n ) the fiber a^ 1 (p) is a smooth SLag submanifold. Connected components 
of smooth fibers are diffeomorphic to T n ~ x x R. If m G M' is a regular point of 
the torus action (i.e. the differential of the action is infective at m), then m is a 
smooth point of the fiber L m through m and the fiber L m is a SLag submanifold 
near m. Singular fibers have singularities of codimension at least 2 and near 
singular points they are diffeomorphic to a product of a cone with a Euclidean 
ball. 

The fibration is defined as follows: Let ei, . . . , e n -i be a basis for the Lie Algebra 
of T™ _1 and Xi, . . . , X n -% be the corresponding flow vector fields on M. Let 
a' = ix t ■ ■ ■ix„_ 1 o~ be the (l,0)-form on M , obtained by contraction of a by 
vector fields Xi,... , X n _\. Then from [Q we know that a' is a holomorphic 
(1, 0)-form on M' and a = df for a T-invariant, holomorphic function / on M' . 
Let /1 be a moment map for the T-action on M'. Then the fibers of the SLag 
fibration are given as level sets of the function a = (/i, Imf). 
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The closure of a connected component L' of any smooth SLag fiber L on M' 
must intersect D (for otherwise L' would be compact, but it is diffeomorphic to 
T n_1 xM). In order to further understand how the fibers of our SLag fibration 
on M' compactify in M we will have to make assumptions on the Kahler form 
u>. First we treat the case then oj is induced from a Kahler form on M. 

We decompose D into D = D + \J D- corresponding to the meromorphic and 
holomorphic parts of a. Consider the function / near a point d'mD — D— . Then 
the differential df — a is bounded, and so will be /. By Riemann extension 
theorem, / extends to a holomorphic function near m. So / extends to a 
holomorphic function on M — £)_. Also fi is smooth on M — D- and so our 
fibration extends to a fibration by level sets of (//, Imf) on M — D- . Finally we 
wish to understand how the fibers compactify near _D_ . We have the following 
Lemma: 

Lemma 1 Let v be a value of the moment map s.t. T acts freely on D v = 
A* M D Consider a fiber L t = (/i = u,Imf = t) of the fibration over 

M — D- for some t eR. Then the boundary of L t in M is D v 

Proof: Obviously the boundary of L t is contained in D v . To prove the other 
inclusion we first note that the T™ _1 action on M induces the complex torus 
T c = (C*)™ -1 action on M. Indeed the flow vector fields X v give rise to the 
vector fields JX V . The flow of X u preserves X v and commutes with J, hence 
it preserves JX V , i.e. [X u , JX V ] = 0. Finally the vector field [X u — iJX Ul X v — 
iJX v ] is of type (1,0), but it's equal to — [JX U , JX V ]. So [JX U , JX V ] — and 
all the vector fields X u , JX V commute, and this induces the T c -action on M 
(with the real torus T™ -1 being the product S 1 x . . . x S 1 of unit circles in T c ). 
We have 

£.jx v o- = d{ijx v cr) = id(i Xv cr) = i£x v <J = 

So the T c -action preserves a, and so it preserves D, D + , D_. Also since / is 
holomorphic then JX v (f) = iX v (f) = 0, i.e. T c preserves /. 

Let now d G D v . Since T acts freely on D v then in particular the differential 
of the T-action on d is injective. So the orbit L c of T c -action on d is a smooth 
complex submanifold of D- of complex dimension n — 1. Since T c -action pre- 
serves D- then it is clear that near d D- coincides with L c . Also the differential 
of h\l c is surjective, so near d D u coincides with the orbit L of the T Tl ~ 1 -action 
on d. 

Consider the level set E„ of /x on M. Then near D v is smooth. Also 
T" _1 acts freely on D v , hence it acts freely on Yi v near D v . We consider the 
symplectic reduction M rec i of Ti v in a T- invariant neighbourhood U of D v . Then 
M re d will be a smooth complex 1-dimcnsional manifold. Let it : >—> M re ^ 
be the quotient map. Then tt(L) = d' is one point in M re d (here L is the 
T" _1 -orbit of d). Also in a sufficiently small neighbourhood U' of d' in M re d, 
n-^U' -d')C\D_ =0. 

The function / descends to a holomorphic function on U'. Suppose that / 
has a singularity in d' . Then the image of / covers a neighbourhood of oo in 
C. Hence the image of Imf assumes all real values on U' — d, in particular 
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it assumes the value t. Hence the SLag fiber L t in M — D- intersects the 
neighbourhood tt^ 1 (W). From this we easily deduce that d is in the closure of 
L t in M, 

So we need to prove that / has a singularity at d! . Suppose not. Then |/| is 
bounded by some constant C. So |/| < C on T, u — D_ near d. Now the T c - action 
preserves /. The orbit of E„ under the T c -action fills a neighbourhood W of d 
in M. On W — D_ we have |/| < C. By Riemann extension theorem / extends 
to a holomorphic function on W. So the norm of it's differential \df\ < C for 
some other constant C, i.e. \a'\ < C . But a' — ix x ■ ■ •«x„_ 1 o'. We choose a 
local section (p of the canonical bundle of M near d s.t. \ip\ = 1. Then a = gip 
and \g | is not bounded since <r has a singularity at d. But the vector fields Xi are 
linearly independent and cj-orthogonal to each other. Hence one easily deduces 
that \ix-i ■ ■ -iXn-iPl is uniformly bounded from below - a contradiction. So / 
is singular at d' and we are done. Q.E.D. 

Remark 1: The conclusions of Lemma 1 apply only for those values of /x 
on D-, on whose level sets T n_1 acts freely. In example 1 in Section 2.2 we'll 
have that for all non-regular values v on £>_ the level set D v will not intersect 
the closure of any SLag fiber in M — D- . 

Ricci-Flat metrics Another interesting class of metrics on M' are T- 
invariant, complete Ricci-flat metrics. We refer the reader to || for some 
existence results. If i/ 1 (M',R) = then from Theorem 2 we get a SLag fi- 
bration on M' . In this case the compactification of the fibers in M is quite 
different from the case of induced metrics. We will consider one case of this 
setup in example 1 in Section 2.2. 

2.2 Examples 

1) K(N) (O) We will demonstrate a family of examples for the construction 
in Section 2.1. For those examples we will write down Ricci-flat metrics on M' 
and we show how fibers of the SLag fibration on M' compactify in M. We will 
also write down some metrics on M', induced from metrics on M. We will show 
that for those metrics the conclusions of Lemma 1 do not apply for non-regular 
values of the moment map /i on D_ and thus Lemma 1 is sharp. 

Let N 2n be a toric Kahler-Einstein manifold with positive scalar curvature 
t. Consider K(N) to be the total space of it's canonical bundle. Then K(N) is 
a Calabi-Yau manifold with a natural holomorphic {n + 1, 0)-form <p. We refer 
to M for definitions and properties of all relevant structures on K(N). We will 
however give a Calabi construction of Kahler metrics on K(N), since we will 
need them in further discussion. Let r 2 : K(N) R+ be the square of the length 
of elements in K(N). Take any positive function u on R+ s.t. v! > 0. Define the 
metric uj u on K(N) as follows: Let u> be the K-E metric on N. The connection 
on K(N) induces a horizontal distribution for the projection ir : K(N) i— > N. 
We define the horizontal and the vertical distributions to be orthogonal. On the 
horizontal distribution we define the metric to be u(r 2 )it* (u>). On the vertical 
distribution the metric is t _1 u'(r 2 )o;'. Here u>' is the induced metric on the 
linear fibers. The K-E condition ensures that u> u is closed. If we choose u(r 2 ) = 
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(tr 2 + for some positive constant I, then lj u is Ricci-flat. 

Let now W be a 2-plane bundle over N, obtained by adding a trivial bundle 
to K(N). Let M be the projectivization of W. The T n -action on N induces an 
action on W and on M. K(N) naturally sits inside of M and M is obtained by 
adding to K(N) a copy -/Voo of N at infinity. The holomorphic (n + 1, 0)-form tp 
on K(N) becomes a meromorphic T™-invariant section of the canonical bundle 
of M, which defines a divisor D = D- = Noo. ip has singularity of order 2 at D 
and we get M' = M-D = K(N). 

In || we considered the SLag fibration on K(N) with respect to the Ricci- 
flat metric on K(N) (i.e. then u(r 2 ) = (tr 2 + We have shown that 
all fibers are asymptotic at infinity to a certain conical fiber Lq. Moreover the 
boundary in M of each fiber is a certain minimal Lagrangian submanifold 

Of JVoo. 

We wish to consider a metric on K(N), induced from a metric on M. This 
can be done by choosing a different function u : Consider a function w(x) — 
x~ 2 u'(l/x). This is a smooth positive function for a; > 0. Suppose it extends 
to a smooth positive function w for x > 0. So in particular u'(y) is asymptotic 
to 1/y 2 at infinity and v! integrates on (0, oo). Thus we have a limit > of 
u at infinity. One can easily show that the metric tu u compactifies to a smooth 
T n -invariant metric w„ on M. 

In we have computed a specific moment map /i for the T™-action on AT. 
Moreover we have shown that the moment map of the action on K(N) was 
// = M(r 2 )7r _1 (fi). This of course compactifies to a moment map on M. Let v 
be a regular value of the moment map fi on N. Then v' = UoqV is a regular value 
of the moment map on D = Noo . Lemma 1 tells us that the level set D v i of // on 
D is a boundary in M of any SLag submanifold of the form (// = v' , Im f = c) 
on K(N). Let v now be a value on the boundary of the moment polytope of 
N. Then we know from [|| that is in the open part of the moment polytope. 
Hence by convexity of the polytope we deduce that a multiple Xfi is not in the 
moment polytope for any A > 1. Consider now the value v' — u^v of // on 
D. Then v' is not attained by p! on K(N). Hence the level set D v i does not 
intersect the closure of any element of our SLag fibration on K(N). Hence the 
statement of Lemma 1 is sharp. 

2) Toric Varieties: In section 2.1 we assumed that H 1 (M',R) = 0. We 
will now demonstrate a class of examples there this condition doesn't hold but 
we nevertheless have a SLag fibration on M'. 

Let M be toric i.e. T n_1 C T n and there is a T"-action on M. From 
Theorem 1 we know that there is a section a of K(N), which is invariant under 
T ra -action. First we prove the following Lemma, which will also be useful later: 

Lemma 2 Let N 2n be a connected complex manifold with a (non-zero) holo- 
morphic (n, 0) form a and a Kahler form ui. Suppose that we have a holomorphic 
T c = (C*) n -action on N s.t. the action of the real torus T n is effective, pre- 
serves a and Hamiltonian with respect to oj. Then the T c -action is free and 
N is biholomorphic to T c under the action, a is non-vanishing and equal to a 
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constant multiple of the form /\ dz\ / Y[ z i onT c . Moreover for a choice of 9 6 M 
we have that orbits of the T n -action give a SLag fibration on (N,u,e a). 

Proof: Let v% , . . . , v n be a basis for the Lie algebra of T n and let JQ be the 
flow vector field of Vi on N. Let g = ix 1 ■ ■ ■ ix n o~. As we saw in g], dg = 0, 
i.e. g is locally constant, and since N is connected g is constant. Since the 
action is effective, the differential of the action is injective at some point p, in 
which a(p) ^ 0. The vectors X%{p), . . . , X n (j>) span a Lagrangian plane, so 
g = g(p) = go ^ 0. So a is non- vanishing and the differential of the T"-action is 
everywhere injective. We can choose 9 s.t. e* go is real i an d we get that orbits 
of the T™-action are SLag submanifolds of (N, w, e l6 a). 

The differential of the T c -action is an isomorphism everywhere. Orbits of 
the T c -action are open, and since N is connected, there is one orbit. So if H is 
a stabilizer of some p G N under T c -action, then H is the stabilizer of N under 
this action. We wish to prove H is trivial. Let 1 ^ h S H. Then h — (z%, . . . , z n ) 
with Zj = a,j +ibj ^ 0. Since the T"-action is effective, not all bj are equal to 0. 
The action of h is given by a time 1 flow of the vector field X = Y,ajXj +bjJXj. 
Let fj, be the moment map of the T"-action. Consider a function k = Hbj/j,(vj). 
Then one easily shows that X(k) > 0, hence the time f flow of X cannot return 
to the same point- a contradiction. Hence H is trivial, the action is free and T c 
is biholomorphic to an N under the action. 

In the proof of Lemma I we showed that a is invariant under the T c -action 
since it is invariant under the T n -action. Consider the form o~ = f\dzj / \\zj 
on T c . Then both the pullback of a under the action and oo are T c -invariant. 
Hence one is a constant multiple of the other and we are done. Q.E.D. 

We return now to the toric manifold M. Consider N = M — D- with a 
holomorphic (n, 0)-form a on it. We have a T c -action on M, and it leaves 
M — D- invariant, hence it induces a T c -action on N. From Lemma 2 we 
deduce that a is non-vanishing, i.e. D + = 0. Also for a choice of 9 orbits of the 
T n -action give a SLag fibration on (M — D_,u, e t0 a). 

We remark that M' coincides with the regular points of the T-action. Indeed 
points in M — D_ are regular points of T™-action. Also every point d e D- is 
a singular point of the T-action (since otherwise the T c -orbit of d is open in M, 
and it cannot be contained in D-). 

3) The Grassmanian G(2,4): This is yet another example, for which 
H 1 (M',M.) but we can construct a SLag fibration on A/'. Consider the 
Grassmanian G(2, 4) of complex 2-planes in C 4 , which we identify with a quadric 
hypersurface M — (ziz 2 + z 3 Z4 + z 5 z 6 = 0) in CP 5 (sec [jl5[ and ||). The fourth 
power (7*)® 4 of the hyperplane bundle on CP 5 restricted to M is the anti- 
canonical bundle K(M). Thus polynomials of degree 4 give rise to holomorphic 
sections of K(M). There is a complex 3-torus T c — (C*) 3 -action on M given 

by 

(Ai, . . . , A 3 )(zi, ...,zq) = (Aizi, X 1 1 z 2l . . . , A 3 z 5 , A 3 1 z 6 ) 

This action of course contains the action of the real torus T 3 C (C*) 3 . We would 
like to find a homogeneous polynomial p of degree 4 on C 6 s.t. p defines a T c - 



7 



invariants section of K(M). To do that we will carefully set up the T-equivariant 
identifications between various bundles we use. 

First on CP 5 there is a constant bundle C = C 6 . It contains a universal 
bundle 7 as a sub-bundle. The tangent bundle to CP 5 is isomorphic to 7* ® 
(C/7). There is a short exact sequence 

7 <g> 7* i-> C ® 7* h-> (C/7) (g> 7* 

Taking the canonical bundles of the elements in the sequence we get if (CP 5 ) ~ 
K(C) ® 7® 6 . Of course the bundle K(C) is trivial, but the isomorphism 
if (CP 5 ) 1 — > 7® 5 is not GL(6, C)-equivariant, but it is SL(6, C)-equivariant. 
Since our torus T c is in SL(6,C), we are fine. 

Next consider the quadric M, which can be viewed as a zero set of a section r\ 
of (7*)® 2 . The canonical bundle of M is isomorphic to N ® if (CP 5 ). Here iV is 
the normal bundle to M in CP 5 and the isomorphism is given by v®Lp 1— ► i„<^|M- 
Also iV is isomorphic to (7*)® 2 with an isomorphism given by v 1— > V^. Since 
77 is T c -invariant, this isomorphism is T c -equivariant. So overall we get that 
K(M) ~N® if (CP 5 ) ~ ( 7 *)® 2 <g> 7® 6 ~ 7® 4 . Dually if (M) ~ ( 7 *)® 4 and this 
isomorphism is T c -equivariant. 

Consider a polynomial p = {z\Z2) 2 + (23Z4) 2 — (z^zq) 2 . Then it defines a 
T c -invariant holomorphic section of K(M), and dually it defines a T c -invariant 
meromorphic section a of K(M), which defines a divisor D — D-, which is the 
zero set of p. Let M' = M — D and pick a T 3 -invariant Kahler metric u> on 
M' s.t. the action is Hamiltonian (e.g one can pick the induced metric from 
CP 5 ). We would like to get a SLag fibration for (M',u,a). We will see that 
H 1 (M',M.) 7^ 0, but we can still do that if we replace a by a multiple e l8 a. 

Let ei, e2, e$ be a basis for Lie algebra of T 3 and Xi be corresponding flow 
vector fields on M. Let a 1 = ix t ■ ■ - ix 3 &- Then from Q we know that a' is a 
holomorphic (l,0)-form on M' . Moreover suppose that for some choice of 9 we 
have im(e • a') is an exact 1-form on M', i.e. it is equal to dh for some function 
h. Then we saw in [| that (AT ,w,e* e <T) has a SLag fibration on it with fibers 
given as level sets of (/z, h) (here /x is a moment map for the T 3 -action on M'). 

To find this 9 consider the following map (3 : M' ^ CP 1 given by (3(zi, . . . , Ze) = 
{z\Z2, Z3Z4). We will show that (3 is well-defined and compute it's image. First 
we claim that on M' we can't have Z1Z2 = or Z3Z4 = 0. Indeed suppose Z1Z2 
Then Z3Z4 = — z$zq, hence p(z\, . . . , zg) = (Z1Z2) 2 + (Z3Z4) 2 — (z^zq) 2 = and 
we are on D and not M' . So we deduce that (3 is well-defined and it's image 
lies in C"=CP 1 -((1,0)U(0,1)). 

Next we show that (3 is surjective onto C . Indeed (3 has local inverses 
a(a, b) — (a, 1, 6, 1, —a— b, 1) into M' (here (a, 6) is in C). p(a, 1, 6, 1, —a—b, 1) = 
— 2ab ^ and so indeed (a, 1, &, 1, —a — 6, 1) G M'. 

The map (3 is T c -invariant. Take now (a, b) € C" s.t. a + 6 7^ i.e. (a, 6) ^ 
(1,-1). If (z l7 ...,z 6 ) G /3 _1 ((a,6)) then all 2^ 7^ 0. One easily deduces that 
/3 _1 ((a, b)) is in fact the orbit of a(a, b) under T c -action. Moreover because of 
the local inverse a the differential of (3 is surjective at all points of (3~ 1 ({a,b)). 
So we get a principal fiber bundle M" = (3- l {C - (1, -1)) over C - (1, -1) 
with the fiber being T c . 
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Now the form a' is T c -invariant. Moreover the tangent space to the orbits of 
T c is in the kernel of a'. From this we easily deduce that there is a holomorphic 
(l,0)-form a" on C - (1, -1) s.t. f3*(a") = a'. We claim that a" compazines 
to a holomorphic (1, 0)-form on C . Indeed we have a local inverse a near (1, —1) 
and a* (a') = a". 

Now C is C*, so tf^C'.R) = R. So one can find an angle 9 s.t. 7m(e l V) 
is an exact 1-form on C . We claim that also Im{e l6 a') is an exact 1-form on 
M'. Indeed take a loop 7 on M'. Then one easily sees that 



and we are done. 

3 Calabi-Yau hyper surfaces near a large com- 
plex limit Hypersurface 

3.1 Deformation of SLag fibrations 

In this section we wish to study Calabi-Yau hypersurfaccs in an algebraic com- 
plexity one space M. We will assume that the anti-canonical bundle K of M is 
ample and has a holomorphic section 77, invariant under the T-action. Let D' 
be a smooth part of the divisor D of 77. We will assume that r\ is transversal to 
at D'. This defines a natural T™~ ^invariant trivialization <p' of the canonical 
bundle of D' . Indeed the canonical bundle of D' is naturally isomorphic to 
K (g) N . Here N is a normal bundle to D' and the isomorphism is explicitly 
given by <p ® v 1— > i v (p\rj- Also the normal bundle N is naturally isomorphic to 
K, with isomorphism given by v >—> W v r). 

Take a connected component D of D' . We assume that the T n_1 -action on 
Do has a finite stabilizer H. We have an action of the quotients To = T 11 ^ 1 / H 
and of Tq = T c /H on Dq. But To is isomorphic to T™ _1 . Also the isomorphism 
between To and T™ _1 induces a biholomorphic isomorphism between Tq and 
T c . From these isomorphisms we get a holomorphic T c -action on T> , and this 
action preserves ip' . Also the corresponding T" _1 -action is effective and it is 
Hamiltonian with respect to the metric u>, induced from M. From Lemma 2 we 
deduce that the T c -action is free and D is biholomorphic to T c . Also we can 
choose an angle $o s.t. orbits of the T n_1 -action give a SLag fibration on T>o 
for (ui, e ie °ip'). We have the following theorem : 

Theorem 3 Let rj, D, D' , D be as above. Take N to be any T -invariant com- 
pact subset of D and U a tubular neighbourhood of N in M . Then there is 
a neighbourhood of n in H°(K(M),M) s.t. for rj p e Un there is a SLag 
fibration of the neighbourhood U p in D p with respect to (uj p ,e iep ip' p ). 

Here D p is the zero set of r\ p , U p contains D p f] U, u> p is the induced metric 
on D p from M, ip' p is the natural trivialization of the canonical bundle of D p , 
given by the section r\ p and i] p ^ 9 p is a smooth function. 
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Proof: Choose a compact, T-invariant N C Do and pick a compact, T-invariant 
neighbourhood N' of N. Let U' be a tubular neighbourhood of A' in M. 

For any ?7 P G H a (~K(M), M) let D p be it's zero set. The part of £> p in C/' has 
a trivialization ^ of it's canonical bundle, induced from the section r\ p . Also 
one can choose a neighbourhood V of r\ in H°(K(M), M) s.t. there is a map 
a: N' xV ^U' so that £> p f| U' = a(N, t) p ) for r? p G V. 

We wish to deform the SLag torus fibration on N' to a SLag torus fibration 
on Dp P| U for a tubular neighbourhood U C U' of A. To set up the deformation 
theory we consider 7W- the connected component of the moduli-space of of C 2 ' a 
embeddings of T into A', which contains embeddings given by orbits of the 
T-action on N' . This is a Banach manifold, whose local chart at a particular 
(smooth) embedding are C 2 ' a sections of the normal bundle of the embedded 
T. We consider the space M! = Ai x V, which can be thought as a space 
of embeddings of L into various D p (with (/, r] p ) \— > a(f,rj p ) for an embedding 
feM). 

So let (/, rjp) £ M 1 and a(f, rj p ) be the corresponding embedding of T into 
D p . Then for a fixed r/ p , various embeddings corresponding to different /'s 
are all isotopic in D p , so they all carry the same isotopy class L p in D p . The 
cohomology class [u>] of to restricted to D p is the cohomology class induced from 
oj on M. Also the image of a(f, rj p ) is isotopic in M to an orbit of the T-action 
on N' and uo restricts to on the orbits. So [oj]\l p — 0. Also on N ip' evaluated 
on orbits was not zero. By continuity (p' p (L p ) ^ 0. So we can choose e lBp s.t. 

Im{e ie *y' p {L p )) = 

This e t0p is defined up to a sign, and we can choose it to be a smooth function 
of rj p . 

We want to consider the subset SLag C M' of those embeddings (f,rj p ) s.t. 
the forms uo and Im(e ie p<p' p ) restrict to on a{f,rj p ). Let 7r : M' ^ Vbc the 
projection onto the second factor. We also have a space So of T-orbits in N' , 
and we will think of So C 1 (??) f] SLag. We have the following: 

Lemma 3 The space SLag near So is a smooth manifold SLago of dimension 
n — 1 + 2dim(H°(K(M), M)). Moreover the differential of the projection ir, 
restricted to SLago is surjective. 

We claim that the statement of the Theorem follows from this Lemma. Indeed 
SLago will be a fibration over V' for sufficiently small neighbourhood V' of r). If 
we choose any metric on SLago (for instance the one induced from the product 
metric on M and V), then we have a horizontal distribution for the projection 
7T on SLago- For rj p 6 V we can look at a line t i— > rj + t(r) p — nf). This line 
induces a flow p p (t) on SLago, s.t p p (l) sends 7r — 1 (77) to 7r _1 (?7p). It is an easy 
exercise in differential topology that one can choose a smaller neighbourhood 
Um of rj in H°(K(M), M) s.t for r\ p e Un the image of So under p p {l) gives a 
SLag fibration, which covers the neighbourhood Uf]D p . 

Now we prove the Lemma: Since So is compact, it is obviously enough to 
prove our claim near a point L £ So (here we think of L as an orbit of the 
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T- action in N'). A neighbourhood Y of L in M. can be thought as a small 
ball in the space of C 2 - a normal vector fields to L. There is a Banach vector 
bundle over M' , given by the direct sum of exact C 1,a 2-forms with exact C 1 '™ 
(n — l)-forms on T™ -1 . There is a section a of this bundle over Y x V, given 
by v(f,Vp) = (a(/^p)*MX/^p)*( /m ( elf,p ¥>p)))- The space SLag precisely 
corresponds to the zero set of this section. 

We have shown in [El that one can slightly generalize the argument of 
to prove that the differential of this a is already surjective then restricted to 
the tangent space T^M. C T^M! and the kernel of da in T^M. is of dimension 
n — 1 (in our case the kernel in TM. corresponds to vectors fields, which realize 
deformations of the orbits). So one deduces that SLag is smooth of dimension 
n — 1 + 2dim(H°(K(M), M)) near L and the differential of it restricted to SLag 
is surjective. Q.E.D. 

Remark 2: Suppose D' has several connected components. For each con- 
nected component we have a SLag fibration on a corresponding neighbourhood 
of Dp. But those fibrations are with respect to holomorphic volume forms e l0v <£ p 
on Dp, there 9 P are potentially different for various connected components of 
D' . Suppose D p is smooth. Then ip' p is a holomorphic volume form on D p . It is 
clear from the proof that 9 p will coincide if the corresponding isotopy classes L p 
coming from different connected components of D' define the same homology 
class in D p . We will see two examples (3.2 and 3.3), in which this holds. Thus in 
particular we will produce SLag fibrations on subsets of D p , whose complements 
have arbitrary small volume in D p . 

We would like to point out that Theorem 3 generalizes to complete inter- 
sections on a Kahler manifold M with a T-action of complexity larger then 
1. Indeed let (M 2n ,ui) be a Kahler manifold. Suppose that the anticanonical 
bundle K(M) is a tensor product 

K(M) ~L 1 ®...®L d (1) 

Suppose we have a T n_d -action on M s.t T n ~ d also acts on the total space of 
each Li . Moreover we assume that the action is equivariant with respect to the 
isomorphism (1). Suppose we have sections r\i of Li, which are invariant under 
the T-action. Let D be their common zero set and D' be the smooth part of 
D. We assume that (771,... , r\i) is transversal to along D' . Thus we get a 
trivialization ip' of the canonical bundle of D' and <p' is invariant under the T 
and the T c -actions (here T c is a complex torus of dimension n — d). 

Let D be a connected component of D' . Assume that the T-action on 
D has a finite stabilizer H . We have, as before, the actions of the quotients 
T/H and T c /H on D . The T c /H action will be free, D Q is biholomorphic 
to T c and we can choose an angle 9q s.t. orbits of the T-action will be SLag 
submanifolds of (Do, ui, e ie °ip'). We will also have the following result, which 
generalizes Theorem 3: 

Corollary 1 Let 77 = (771, . . . , 77^), D, D' , Dq be as above. Let N be a compact, 
T '-invariant subset of Dq and U be it's tubular neighbourhood in M. Then we 
can choose a neighbourhood Un of 7] in H°(Li, M) x ... x H (Ld, M) s.t for 
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any if = (rff, . . . ,rfe) G Um we have a SLag torus fibration on a neighbourhood 
Up of D p with respect to (iv 7 e l<>p (p' p ). 

Here D p is the common zero set of {rj[, . . . , rfy), U p contains Uf]D p , w is 
the induced metric on D p , tp' p is the trivialization of the canonical bundle of D p , 
given by the section rj p and r\ p i— > 8 p is smooth. 

The proof of the Corollary is analogous to the proof of Theorem 3. 

In Sections 3.2-3.4 we consider some examples there Theorem 3 and Corollary 
1 apply. 

3.2 Fermat type quintics in CP 4 

Consider CP™ with a T c = (C*)"- 1 -action given by 

(ci, . . . ,c„_i)(zi, . . .,z n+1 ) = (cizi, . . . , 

Y\_ C 3 lz m z n+l) 

This action of course contains a T" -1 C T c -action. Consider the following 
polynomial f\ — Y[ Zj — A(z n+1 )™ +1 . Then for every A this polynomial defines 
a section of the anti-canonical bundle K(CP n ), which is invariant under the 
T c -action. There are essentially 2 distinct cases A = or A = 1. 

A = 0: D has n+ 1 connected components Dj, given by Dj = (zj = 0). Let 
D'j be the smooth part of Dj in D, i.e. D'- = (zj = , Zi ^ for i ^ j). 
Consider the following 1-parameter family /* = f + fEz™ +1 . Then n = 4 
the zero sets D t are Fermat type quintics. From each component Dj we get a 
SLag fibration on a corresponding part of D t , but the fibrations are SLag for 
potentially different holomorphic volume forms on D t for different components 
D'j (sec Remark 2). We will show that the isotopy classes L° t , coming from 
components D'j, give the same homology class in D t . Thus SLag fibrations will 
be with respect to one holomorphic volume form ip t on D t . 

W.l.o.g it is enough to show that L\ and L\ define the same homology class 
in D t - To show this consider a different T"~ 1 -action on CP™, given by 

(e 4 <\ . . . , e ie ^){z u z n+1 ) = (z u z 2 , e^z 3 , e i6 ^z n+1 ) 

This action has a moment map fi = (fi\, . . . , /U n _i) with 



Consider the level set S = [i~ 1 (l/2n, . . . , l/2n) restricted to D. It's inter- 
section with each of D[ and D' 2 it will be 1 smooth orbit Lj in the interior 
(i = 1,2). Also E will not intersect Dj for j > 2. Also Li are easily shown to 
coincide with the orbits of the original P n_1 -action on D. 

Consider now D t and n\o t - Then the level set E t = ^ _1 (l/2n, . . . , l/2n) on 
D t will also have 2 smooth components. Also clearly those components will be in 
the isotopy class of L\ and L\ . Now the level set of any map to a non-compact 
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manifold carries a trivial homology class. So L\ and L 2 (with corresponding 
orientations) will have the same homology class in D t and we are done. 

Remark 3: We have constructed Special Lagrangian fibrations on large 
parts of quintics near the large complex limit quintic. If one forgets about the 
Special condition and studies Lagrangian fibrations, then one can say more. In 
fact W.-D. Ruan has constructed in || and |lOj Lagrangian tori fibrations on 
general quintics and also constructed symplectic mirrors to those fibrations. 

A = 1: The singular points of D are points there z n+ i — and Z\ • ■ ■ z n = 0. 
The set of smooth points D' will have 2 connected components: D[ = (z n+ i — 
, zj ^ for j < n+ 1) and D' 2 = (zj ^ 0). D[ will be the orbit (1, . . . , 1, 0) 
under the T c -action; D' 2 will be the orbit of (1, . . . , 1, 1) under T c -action. 

We have a moment map \i — (/ii, . . . ,/z n _i) for the T"~ 1 -action on CP" 

I I 2 I I 2 

with /ij = guli 2 ■ One easily sees that the preimage /x _1 (0, ... ,0) doesn't 
intersect the singular points of D. Also it intersects each component Dj in one 
smooth orbit of the T" _1 -action. So we use the same trick as before to show that 
the isotopy classes L\ and L\ define the same homology class on D t . Thus from 
Theorem 3 we get SLag fibrations on large parts of Calabi-Yau hypersurfaces 
near the complex limit hypersurface D. 



3.3 Calabi-Yau Hypersurfaces in the Grassmanian G(2,4) 

Consider the Grassmanian M — G(2,4) of 2-planes in C 4 , which we continue 
to identify with a quadric hypersurface z\z 2 + Z3Z4 + z§z§ — in CP 5 . We 
have a T 3 and a T c = (C*) 3 -action on M as in Section 2.2. The polynomial 
/ = (ziZ2) 2 + (z3Z4) 2 + (2:5Zg) 2 defines a T c -invariant section of the anti-canonical 
bundle K(M). 

The singular part of the zero set D of / corresponds to points Z2j-iZ2j = 

for j = 1, 2, 3. Let D' be the smooth part of D and (zi, . . . , zq) G D'. We can 

assume w.l.o.g. that Z1Z2 — 1. Let Z3Z4 — a. Then z§zq = —a — 1 and a satisfies 

a 2 + a + 1 = 0. We get 2 values a.j = . For each dj we have a point 

bi = (1, 1, 1, a,i, 1, —1 — a,) onD'. The orbits of T c through hi give 2 connected 

components D[ and D' 2 of D' (explicitly D[ are given by Z3Z4/ ' Z\Z<i = a%). 

1 1 2 1 1 2 

The T 3 -action has a moment map \jl = [12, (A3) with ^ = ■ 
The preimage 1 (0, 0, 0) doesn't intersect the singular part of D. Also it 
intersects each of P/ at one smooth orbit. We use the same argument as in 
Section 3.2 to prove that the isotopy classes and L 2 , on D p give the same 
homology class. Thus we can use Theorem 3 to obtain SLag fibrations on large 
parts of Calabi-Yau hypersurfaces D p , which are zero sets of polynomials f p of 
degree 4 for f p sufficiently close to /. 

Remark 4: In [fij we gave an example of a SLag submanifold on a Calabi- 
Yau hypersurface in G(2, 4). 
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3.4 Complete intersection of two degree 3 hypersurfaces 

in CP 5 

In this section we want to illustrate an application of Corollary 1. Let M be 
CP 5 . We decompose it's anticanonical bundle as 

K(M) ~ Li <8> L 2 (2) 

Here Li = L 2 = (j*)® 3 . We have a T 3 -action on M, given by 

(e* ' , . . . , e»*){z u ...,*,) = (e** z 1; e^ 2 , e*»* 3 , e^+ e -^ 5 , e "^+^ 6 ) 

Then T acts on K(M), L\,L%. Since the linear action of T on C 6 is in SL(6, C), 
the T-action is equivariant with respect to the isomorphism (2) (see example 
(3) in Section 2.2). We have 4 monomials g\ = Z\Z?.Z\ , 92 = Z3Z4Z5 , gs = 
Z1Z2ZQ , <?4 = 23^5^61 which can be viewed as T-invariant sections of L\ and 
Li. We pick r/i and r\i to be some of their linear combinations s.t. conditions 
of Corollary 1 hold. Thus we get SLag fibrations on large parts of complete 
intersections of 2 hypersurfaces of degree 3 in CP 5 near (771,772). 
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